The intrinsic topology 8<; of a chain (X, ^) induces on any subchain YczX the relative topology 3$\Y. On the other hand, any such subchain Y is endowed with its own intrinsic topology 3^Γ. We establish several necessary and sufficient conditions under which both topologies coincide, by suitably weakening the properties of convexity (Lemma 2), order-density (Theorem 3) and subcompleteness (Theorem 4), respectively. Another necessary and sufficient condition for the equation S^IF^Ssir, formulated in terms of cuts, is given in Theorem 2. Besides other related results, we find a purely order-theoretical characterization of those subchains which are compact (Lemma 1) or connected (Corollary 2), respectively, in the intrinsic topology of the entire chain. As a simple consequence of Theorem 4, we obtain the wellknown result that the intrinsic topology of a chain can be obtained by relativization from the intrinsic topology of the normal completion (Corollary 9). We conclude with several applications to the Euclidean topology on R.
As usual, by a chain, we mean a set X together with a linear (i.e., total) ordering <;. For the sake of notational brevity, it appears useful to adjoin two new elements -oo and oo such that -oo < x < CXD for all xeX.
Each set of the form ]u, v [: = {xeX:u<x<v} (uelu(-4i;elu Each subset Y of X, together with the induced ordering ^ | Y, is again a chain and will be referred to as a subchain of X (Precisely, one should distinguish between the subchain (Y 9 <: | Y) and the subset Y, but since we always assume a fixed linear ordering S to be given, no confusion is likely to arise if the set Y itself is referred to as a subchain). For any such subchain, we may consider its own intrinsic topology $£| F . On the other hand, the intrinsic topology ^ of the entire chain X induces a relative topology on Y. Obviously, the relative topology ^£\Y is always finer than the intrinsic topology 3f^| r . It is a natural and for several appli- A third order-theoretical property will be of importance for our considerations: A nonempty subset Y of X is subcomplete if every nonempty subset Z of Y has a join and a meet in X, and these joins and meets are contained in Y. For this definition, we do not require the entire chain X to be complete. For example, the closed interval [0, 1] is a subcomplete subchain of the noncomplete chain R of all real numbers. A subcomplete subchain is always a complete chain for itself but a complete subchain need not be subcomplete: See Example 1. It is well-known that a chain is complete if and only if it is compact in its intrinsic topology (cf. [2, p. 242] and [3] Now let us study, in greater detail, the question which subchains are order-compatible. First, we observe that each of the following conditions is sufficient for the equality of 3f g!r and $<:|F:
Y is a finite union of closed intervals ( 5) 7 is a connected subset of the space (X, $<;) ( 6) Y is a compact subset of the space (X, $<;).
The sufficiency of (1) will follow from Lemma 2, that of (2) and (4) from Theorem 3, and that of (3) from Theorem 4. Furthermore, a connected subchain is always convex (see Corollary 2) , and (3) is equivalent with (6), on account of Lemma 1.
Simple counterexamples show that none of the previously listed properties is necessary for order-compatibility. On the other hand, none of the following conditions is even sufficient: The complete chain X in the preceding example cannot serve as a counterexample disproving the sufficiency of (13) since every closed subset of any complete chain is order-compatible (see Corollary 5). For this purpose, consider MARCEL ERNE EXAMPLE 2. The chain Y = {x e Q: 2 < x 2 ^ 4 or x = 0} is bounded and closed in (Q, &g) but {0}e^|Γ, {0}ί3k, r . Note that Y is not compact in (Q, Qf*). Hence the Heine-Borel-Lebesgue theorem fails to be true in the chain Q. It can be shown that for a chain to be conditionally complete, it is necessary and sufficient that every closedbounded subchain be compact.
Under certain additional assumptions, one can prove that closed or open subchains are order-compatible: See Corollaries 5 and 6.
As mentioned before, neither convexity nor density nor subcompleteness is necessary for order-compatibility. One necessary and sufficient condition has been found by R. Alo and 0. Frink [1] [4, p. 68] ) that a chain is connected in its intrinsic topology if and only if it is conditionally complete and dense-in-itself. Thus, from Corollary 1, we infer the equivalence of (a), (b) and (c).
A segment or ideal of the chain X is a subset S such that for all x e X and all yeS,x^y implies x e S. A cut or closed ideal (cf. 
d) C is an intersection of principal cuts. (e) C is an ideal, and if C has a least upper bound y then y is the greatest element of C.
(f) x < y for all xeC and all y e X\C, and if C has no greatest element then X\C has no least element.
(g) C is a principal cut, or C τ = X\C has no least element.
We notice that for a chain without least element, the empty set is a cut, while for chains with least element, every cut is nonempty (containing the least element). The collection X of all cuts in X is closed under arbitrary intersections and therefore a complete lattice, linearly ordered by set inclusion. X is called the normal completion or completion by cuts of X (cf. [2, p. 127] Another possibility to characterize order-compatible subchains is suggested by the trivial fact that on every dense subchain, the intrinsic topology coincides with the relative topology: We say a subset YczX separates two points x, zeX if there exists a p Γ with x < y < z or z < y < x. Accordingly, Y is (order-) dense in X if and only if Y separates any two different points of X. Similarly, Y is convex if and only if X\Fdoes not separate any pair of distinct points in Y. Since density is sufficient but not necessary for ordercompatibility, it appears obvious to weaken the separation property of dense subchains in such a manner that a sufficient and necessary condition for order-compatibility is obtained. Thus we call a subset This is clear since for convex subsets and finite unions of closed intervals, the set K{Y) is empty.
By suitably weakening the convexity and the density concept, respectively, we have found two necessary and sufficient conditions for order-compatibility. A third one can be obtained by weakening the property of subcompleteness: Let Y be any subchain of X such that whenever a nonempty subset Z of Y has a join (meet) in Y then this is also the join (meet) of Z in X. In this case, we say the subchin Y is weakly subcomplete. Clearly, subcompleteness implies weak subcompleteness, but not conversely. Note that Y may be weakly subcomplete in X though neither X nor Y are complete chains (Example: QaR).
We notice that every chain is weakly subcomplete in its normal completion and this completion is a complete chain. whence z is the least element of V. On the other hand, if y is the greatest lower bound of V in Y then it is the meet of V in X, too. But x is another lower bound of V with y <^ x, so y = x is the least element of V. This is a consequence of Corollary 10 and the fact that any subgroup G Φ {0} of R is either isomorphic to Z (hence closed in R) or dense in JB.
